Over a Cohen-Macaulay local ring admitting a canonical module the definable closure of the class of balanced big Cohen-Macaulay modules is cotilting and is the smallest such class containing the maximal Cohen-Macaulay modules. We describe its cotilting structure and contrast it to the largest cotilting class containing the maximal Cohen-Macaulay modules. As an application we describe the Bass invariants of Gorenstein flat modules over commutative noetherian Gorenstein rings.
.37] Let R be a ring and A a class of finitely generated R-modules that is closed under finite direct sums. The following are equivalent: (1) A is covariantly finite in R-mod, that is for every X ∈ R-mod there exists a morphism f : X −→ A with A ∈ A such that given any other morphism g : X −→Ã withÃ ∈ A there is a morphism α : A −→Ã such that g = αf .
(2) A = lim − → A, the class of all modules obtainable as direct limits of directed systems of modules in A.
Example 2.1. The classes introduced in this example will be used throughout. Recall that a noetherian ring R is Iwananga-Gorenstein, or simply Gorenstein, if it has finite self-injective dimension on both sides. It is known (see [7, 9.1.8] ) the left and right self-injective dimensions coincide, and we say R is n-Gorenstein if this injective dimension is at most n. Over an n-Gorenstein ring, [7, 9.1.10] shows that there are equalities of classes P <∞ = P n = I n = I <∞ .
Over an n-Gorenstein ring, define the class of Gorenstein projective modules as ⊥ P n , the class of Gorenstein injective modules as P ⊥ n . and the class of Gorenstein flat modules to consist of the modules such that Tor 1 R (E, M ) = 0 for all right modules E of finite injective dimension. Over an n-Gorenstein ring [7, 11.8.3] shows the class R − Gproj of finitely generated Gorenstein projective left R-modules is covariantly finite in R-mod, hence R-Gproj = lim − → R-Gproj, and this is precisely the class of Gorenstein flat left R-modules by [7, 10.3.8] . In the case that R is a commutative ring, we will let GProj(R) denote the class of all Gorenstein projective R-modules, and similarly for the other classes defined.
We will now introduce the notion of cotilting modules and classes.
Definition 2.4. Let R be a ring and C a left R-module. C is said to be cotilting if the following conditions hold (1) C has finite injective dimension;
(2) Ext i R (C (κ) , C) = 0 for all 1 ≤ i < ω and cardinal numbers κ, (3) there is an r ≥ 0 and exact sequence 0 −→ C r −→ C r−1 −→ · · · −→ C 0 −→ W −→ 0, where C i ∈ Prod(C) for all i ≤ r and W is an injective cogenerator for R-Mod. If n < ω and the injective dimension of the cotilting module C is ≤ n, we say C is n-cotilting.
An n-cotilting module C induces an n-cotilting class C, defined to be
It is possible to determine whether an arbitrary class of left R-modules is an n-cotilting class, that is if it is induced by a cotilting module.
Proposition 2.5. [3, 6.1] Let R be a ring and C a class of left R-modules. The following are equivalent.
(1) C is n-cotilting, (2) C is definable, resolving and C ⊥ ⊆ I n ;
(3) C is definable, resolving and if 0 −→ X −→ C n−1 −→ · · · −→ C 1 −→ C 0 is an exact sequence of modules with C i ∈ C, then X ∈ C.
We call an exact sequence 0
Example 2.2. If R is a noetherian ring, [2, 3.4] showed that the class of Gorenstein flat right modules form a cotilting class, that is they are n-cotilting for some n, if and only if R is Gorenstein.
Definition 2.6. Let C be a cotilting class induced by a cotilting module C. For each i ≥ 0 define the class
If C is n-cotilting then directly from the definitions it is clear that C = C (0) ⊆ · · · ⊆ C (n−1) ⊂ C (n) = C (n+i) = R-Mod for all i ≥ 0. Moreover, [9, 15.13] shows that for each 0 ≤ i ≤ n the class C (i) is (n − i)-cotilting.
As highlighted in [9, 15.14] , the cotilting class C (i) , including its cotilting module, it entirely dependent on the cotilting class C. In particular, there is an equality
for all i, j < ω. The following lemma follows immediately from the definition of the classes C (i) .
Lemma 2.7. Let R be a ring and C a cotilting class. If 0 −→ L −→ M −→ N −→ 0 is a short exact sequence of R-modules with M ∈ C, then L ∈ C if and only if N ∈ C (1) .
From now on R will be a commutative noetherian ring. Over such rings, the cotilting classes were completely characterised in [1] . For notation, we will let Ω −i (M ) denote the i-th cosyzygy of M in a minimal injective resolution, that
Recall that p is an associated prime of an R-module M if there is an m ∈ M such that Ann R (m) = p. We will let Ass M denote the associated primes of M and if A is a class of modules Ass A := M ∈A Ass M . Similarly, recall that the support of an R-module M is
Proposition 2.8. [7, 9.2.4] Let M be an R-module and 0 −→ M −→ E 0 −→ E 1 −→ · · · be a minimal injective resolution of M . Then
We call the µ i (p, M ) the Bass invariants of M . In order to state the classification of cotilting classes, we recall that a subset X ⊂ Spec R is generalisation closed if whenever q ⊂ p and p ∈ X we have q ∈ X.
Definition 2.9. Let n ≥ 1. A sequence X = (X 0 , · · · , X n−1 ) of subsets of Spec R is a characteristic sequence if (1) X i is generalisation closed for all i < n;
(2) X 0 ⊆ X 1 ⊆ · · · ⊆ X n−1 ;
Given a characteristic sequence X, define a class of modules
Conversely, given an n-cotilting class C, we can consider the sequence of subsets of Spec R given by (Ass C (0) , Ass C (1) , · · · , Ass C (n−1) ).
Theorem 2.10. [9, 16 .19] The assignments X → C X and C → (Ass C (0) , Ass C (1) , · · · , Ass C (n−1) ) provide a mutually inverse bijection between n-cotilting classes and characteristic sequences in Spec R.
Regular sequences, systems of parameters and maximal Cohen-Macaulay modules
We will now turn our attention to some commutative algebra over local rings. We will let (R, m, k) denote a commutative noetherian local ring; by dim R we mean the Krull dimension of R. If M is an R-module, an element x ∈ m is said to be an M -regular element if xm = 0 for some m ∈ M implies x = 0.
Definition 3.1. If M is an R-module, a sequence x = x 1 , · · · , x n of elements in m is an M -sequence if the following conditions hold.
(1) x i is an M/(x 1 , · · · , x i−1 )M -regular element for i = 1, · · · , n, and (2) M/xM = 0. If only the first condition holds, we call x a weak M -sequence.
Nakayama's lemma implies that for any finitely generated R-module M , every weak M -sequence is an M -sequence, but this does not, in general, hold for arbitrary R-modules. We will say that an M -sequence x ⊂ m (resp. an ideal I ⊂ R) is maximal if for every y ∈ m (resp. y ∈ I), the concatenated sequence (x, y) is not an M -sequence. A classical result by Rees, see [5, 1.2.5] , states that for every finitely generated 
When I = m, we call grade(m, M ) the depth of M . Rees's theorem fails when the assumption of the module being finitely generated is dropped; an example illustrating this can be found at [13, p. 91]. However, we will still define the grade and depth of an arbitrary R-module by the equation in (2), saying that grade(I, M ) = ∞ if no such integer exists. There is also a dual notion, which we call cograde, and will denote by cograde(I, M ). It is given by cograde(I, M ) = inf{n ≥ 0 : Tor R n (R/I, M ) = 0.} Again, we say that cograde(I, M ) = ∞ if no such integer exists. Grade and cograde are related through the following result. In the case that we are considering the maximal ideal m, there are particular sequences of elements against which it is enough to check the grade and cograde.
The following is a corollary to the above lemma. (1) Every system of parameters is an M -sequence;
(2) There is a system of parameters that is an M -sequence;
Definition 3.6. We say that a finitely generated R-module is a maximal Cohen-Macaulay module if it satisfies the above conditions, or is zero. We say that R is a Cohen-Macaulay ring if it is a maximal Cohen-Macaulay module over itself.
When the assumption of M being finitely generated is dropped, the above conditions are no longer equivalent, although the first two still imply the third. Hochster introduced the following class of modules that extends the maximal Cohen-Macaulay modules. The maximal Cohen-Macaulay R-modules are precisely the finitely generated balanced big Cohen-Macaulay modules and the zero module.
The definable closure of the balanced big Cohen-Macaulay modules
It is possible to further relate the maximal Cohen-Macaulay modules to the balanced big Cohen-Macaulay modules; in order to do this we will restrict to R being a Cohen-Macaulay local ring. In this setting we will let CM(R) denote the full subcategory of mod(R) consisting of the maximal Cohen-Macaulay modules, and bbCM(R) denote the full subcategory of Mod(R) consisting of the balanced big Cohen-Macaulay modules.
The following highlights the relevant properties of canonical modules. (1) If C R is a canonical module, then it is unique up to isomorphism; Proof. The class lim − → CM(R) is definable by the above result, so it suffices to show it is the smallest definable subcategory containing bbCM(R). Since every maximal Cohen-Macaulay module is a finitely generated balanced big Cohen-Macaulay module,, it follows that the definable closure CM(R) is contained within the definable closure of bbCM(R), but CM(R) = lim − → CM(R) by .
The following result enables one to identify the balanced big Cohen-Macaulay modules within lim − → CM(R). We are now in a position to state the first result relating to cotilting and balanced big Cohen-Macaulay modules. (2) The characteristic sequence corresponding to lim − → CM(R) is (H (0) , H (1) , · · · , H (d−1) ).
(3) The corresponding sequence of cotilting classes is ( 
is exact in Mod(R C R ). 
as R/p is finitely generated and localisation preserves direct limits. We therefore see that if µ i (p, M ) = 0, there must be a j ∈ J such that µ i (p, M j ) = 0, which shows the claim. Therefore, assume that M ∈ CM(R). If p ∈ Supp M , then M p = 0, so µ i (p, M ) = 0 for all i ≥ 0 since − → CM(R) then µ i (p, N ) = 0 for all i < ht p, hence X i ⊆ H (i) . In order to show that X i = H (i) it suffices to show that for every p ∈ H i there is a module in lim − → CM(R) such that E(R/p) is a direct summand of the ith term of its minimal injective resolution. As the canonical module C R is faithful, it is supported everywhere, but (C R ) p C Rp for all p ∈ Spec R by [5, 3.3.5]. In particular, if ht p = i, we see that Ext i Rp (k(p), (C R ) p ) = 0, hence µ i (p, C R ) = 0. This proves the claim. 
in particular we see that Tor R i+1+λ (R/(x), M ) = Tor R i+λ (R/(x), Ω(M )) = 0 for every λ > 0 by the induction hypothesis. For the reverse inclusion, if Tor R j (R/(x), M ) = 0 for all j > i + 1 and Rsequences x, we can again apply R/(x) ⊗ R − to (4) and by a similar dimension shifting argument we see that Tor R j (R/(x), Ω(M )) = 0 for all j > i, that is Ω(M ) ∈ [lim − → CM(R)] (i) by the inductive hypothesis. We may therefore apply 2.7 to see that M ∈ [lim − → CM(R)] (i+1) , which proves the claim.
Remark. It follows that the associated primes of the class of balanced big Cohen-Macaulay modules are the minimal primes. This result, however, was already known due to the following result due to R. Sharp. Since R is a Cohen-Macaulay local ring, this is precisely the class of minimal primes.
In the situation when R is a Gorenstein local ring, the class CM(R) coincides with the class Gproj(R) by [7, 11.5.4] , and thus lim − → CM(R) is precisely the category of Gorenstein flat modules. We can use this fact to generalise the above result to non-local Gorenstein rings, enabling us to determine the Bass invariants of Gorenstein flat modules. We will need the following lemma. Proof.
(1) ⇒ (2) Let M = lim − →I M i be a Gorenstein flat R-module where each M i is a finitely generated Gorenstein projective R-module. Since taking the tensor product preserves direct limits, it is clear that M p lim − →I (M i ) p , and since R p is Gorenstein it suffices to show that each (M i ) p is a finitely generated Gorenstein projective R-module. Since M i is a Gorenstein flat R-module, Ext j R (M i , P ) = 0 for every projective R-module P and j ≥ 1 by [7, 11.5.3] . In particular, for any free R-module F , there is an isomorphism 0 = Ext j R (M i , F ) ⊗ R R p Ext j Rp ((M i ) p , F p ), but as R p is local, every projective R p -module is free so can be realised as a localisation of a free R-module. Consequently Ext j Rp ((M i ) p , P ) = 0 for all projective R p -modules P , so (M i ) p is a finitely generated Gorenstein projective R p -module by [7, 11.5.3 ].
(2) ⇒ (3) This is clear. If m is a maximal ideal of R, then F ⊗ R R/m k(m) = 0, so F is a faithfully flat R-module by [7, 2.1.13]. As we have assumed that R is noetherian, injective modules localise, so for every injective R-module E and i ≥ 1 we have
by assumption. Therefore M is a Gorenstein flat R-module.
Let us now describe the Bass invariants of Gorenstein flat modules. (2) ⇒ (1). Let M be as in the statement. We will show that M p is a Gorenstein flat R p -module for every p ∈ Spec R. If q is a prime ideal of R contained in p then (R \ p) ∩ q = ∅, so there is an equality µ i (q, M ) = µ i (q p , M p ) for every i ≥ 0 by [7, 9.2.1] ; in particular, µ i (q p , M p ) = 0 for all i < ht q. Yet the prime ideals in R p are precisely the localisations of the prime ideals of R contained in p, so for every q p ∈ Spec R we see µ i (q p , M p ) = 0 for all i < ht q p = ht q. Since R p is a Gorenstein local ring, it is Cohen-Macaulay and we can use the characteristic sequence in 4.7.
(2) to see that M p is in lim − → CM(R p ), so is a Gorenstein flat R p -module. Since p was arbitrary, it holds at every p ∈ Spec R, so by 4.9 we deduce that M is a Gorenstein flat R-module.
Remark. It is conceivable that there are non-Gorenstein commutative noetherian rings R such that the Gorenstein flat R-modules have the Bass invariants given in 4.10. Indeed, R itself would be a Gorenstein flat R-module, so the localisation R p would be a Cohen-Macaulay local ring at each prime ideal. However, since we cannot determine µ i (p, R) for i > ht p, it is not clear how to determine if R p has finite injective dimension. In particular, we see that µ i (p, R) = 0 for all i = ht p, rather than just being able to talk about i < ht p.
Consequently if M is a Gorenstein flat (and therefore flat) module we have µ i (p, M ) = 0 for all i = ht p. Therefore the result proved above agrees with Xu's characterisation of Bass invariants for flat modules over commutative Gorenstein rings, as given in [15, 5.1.5] .
Let us now consider grade in relation to balanced big Cohen-Macaulay modules. For each i ≥ 0 define
It is clear that D i ⊂ D i−1 for all i ≥ 1 and from 3.4 we see that D d+1 = D d+k for any k > 1. Moreover, as k is finitely generated as an R-module we see that lim − → CM(R) ⊆ D d as the functors Ext i R (k, −) preserve direct limits for all i > 0. We can consider a corresponding result to 4.7 for the class D d . (2) The characteristic sequence for D d is (pSpec R, pSpec R, · · · , pSpec R).
(3) The sequence of cotilting classes corresponding to D d is (D d , D d−1 , · · · , D 1 ).
(4) Set E 0 = Add {E(R/p) : p ∈ pSpec R}. Then a cotilting module inducing D d is Ω d E 0 (E(k)), dth syzygy of a minimal resolution of E(k) with respect to the class E 0 .
Proof.
(1) It is obvious that D d is definable and resolving. Let
be an exact sequence with M i ∈ D d for 0 ≤ i < d. There are then d short exact sequences
and applying the functor Hom R (k, −) to these shows that depth im f i ≥ depth coker f i + 1 for all i, as depth M i ≥ d. However, coker f i im f i+1 for all 0 ≤ i < d − 1, and therefore
In particular, we see that X ∈ D d , showing that D d is d-cotilting.
(2) Let X = (X 0 , · · · , X d−1 ) be the characteristic sequence for (4) To construct the cotilting module we follow the process given in [14] . To this end, a cotilting module that generates D d will be of the form 
is an E 0 -cover, ϕ i : E i −→ E i+1 is an E 0 -cover of ker ϕ i+1 for all i ≤ d − 2 and C(m) = ker ϕ 0 . Yet this is the same as saying that C(m) is the dth syzygy of a minimal E 0 resolution of E(k). Now for every i ≥ 1 as the product of injective modules is injective, these modules are redundant in defining the cotilting class. Consequently the only module that contributes to inducing D d from the above construction is Ω d E 0 (E(k)).
In [4] the classes lim − → CM(R) and D d , there denoted CohCM(R), were compared as definable extensions of the class of maximal Cohen-Macaulay modules. In particular, it was shown in [4, 3.8 ] that over a d-dimensional Cohen-Macaulay ring with a canonical module that the classes lim − → CM(R) and D d coincide if and only if d = 1. By comparing the characteristic sequences corresponding to these two classes, we can further see this difference by observing that lim − → CM(R) is the smallest d-cotilting class containing the maximal Cohen-Macaulay modules, while D d is (over any Cohen-Macaulay ring) the largest such d-cotilting class. In particular, whenever d > 1, we can completely determine the d-cotilting classes containing the maximal Cohen-Macaulay modules by considering the characteristic sequences that lie between those given in 4.7 and 4.11. Moreover, in the case that R is one dimensional, so lim − → CM(R) = D 1 , we can see there is only one 1-cotilting class containing the maximal Cohen-Macaulay modules, which is precisely the class {M ∈ Mod-(R) : Hom R (k, M ) = 0}. In particular, a cotilting module inducing this class is Hom R (E(k), E(k)) R , the m-adic completion of R.
